Lateral flow (LF) biodetectors facilitate low-cost, rapid identification of various analytes. The LF cell consists of a porous membrane containing immobilized ligands at various locations. Through the action of capillary forces, a mixture of sample and reporter particles is transported to the ligand sites, where the target analytes and the reporters bind to the immobilized ligand. The concentration of the reporters is measured with a scanner. A mathematical model for two different competitive assays is constructed and used to study the performance of LF devices under various operating conditions. The model predicts the signal magnitude as a function of target analyte, reporter, and ligand concentrations, reaction rate constants, and flow rate. The predictions are compared and qualitatively agree with experimental data. The model provides insights into various experimental observations. Furthermore, the model can be used to optimize the performance of LF devices and to inexpensively and rapidly test the system under various operating conditions. Furthermore, the model can be used to optimize the performance of LF devices and to inexpensively and rapidly test the system under various operating conditions.
Introduction
In recent years, there has been a growing interest in developing low-cost techniques for inexpensive, rapid diagnosis of analytes. The Lateral Flow (LF) immunoassay is a popular diagnostic tool because it eliminates the need for trained personnel and expensive equipment. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Briefly, the LF cell consists of a porous membrane or strip often made out of nitrocellulose.
Various antibodies and/or oligonucleotides, to which we refer collectively as ligands, are immobilized at predetermined locations (capture zones) along the porous membrane. A sample containing target analytes is mixed with a buffer solution and pre-engineered reporters such as colloidal gold, carbon black, dyed polystyrene, phosphor, and dye-encapsulating liposomes. The mixture then is introduced into the membrane by capillary forces. As the mixture flows along the capture zones, the analytes and/or the reporters bind to the immobilized ligands. Two common formats are the sandwich and the competitive assays.
When the sandwich assay is used, some of the target analytes bind to the reporters and some remain free in the solution. When the mixture passes through the capture zone, both unbound analytes and bound analytes bind to the ligands. After some time, the LF strip is scanned and the concentration of the reporters is measured as a function of location. An elevated concentration in the capture zone indicates the presence of the target analytes. The sandwich assay has the advantage that the presence of a signal indicates the presence of target analytes.
Unfortunately, this is not true at high target analyte concentrations. Once the target analyte concentration exceeds a certain critical value, further increases in the target analyte concentration lead to a reduction in the signal 16 . Another disadvantage of the sandwich assay is that the target analytes must be able to bind simultaneously to both the reporter and the immobilized ligand.
This feat typically cannot be accomplished with small analyte molecules that may have a single Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 antigenic determinant. Additionally, steric hindrance may prevent simultaneous binding of the analyte to both the reporter and the ligand. For an analysis of LF bio detectors operating with sandwich assays, see Qian and Bau. 16 Given the limitations of the sandwich assays listed above, when the target analytes consist of small molecules, competitive assays are often preferred. In the competitive format, the reporter can bind directly to the immobilized ligands; they do not require the analyte to provide the linkage between the reporter and the ligand as in the sandwich assay. In different manifestations of the competitive format, the target analytes can bind either to the reporter particles 15, 17 or to the immobilized ligands [18] [19] [20] . In either case, the presence of target analytes interferes with the binding of the reporter to the test ligands. Thus, when the solution does not contain any target analytes, one would observe a signal at the capture (test) strip. A diminishing or non-existent signal indicates the presence of target analytes in the sample. In order to verify that the device does, indeed, function, a control line is often added to provide a control signal.
The control line consists of an immobilized (control) ligand that can bind to the reporter but not to the target analytes.
In the first format of competitive assay, the target analytes bind to the ligands and block the ligands from binding to the reporters. [18] [19] [20] For example, Ho et al. 18 use liposome particles conjugated with aflatoxin B 1 (AFB 1 ) to detect AFB 1. AFB 1 antibody is immobilized at the capture zone, where competition occurs between the AFB 1 -conjugated liposomes and analytes (AFB 1 ) in the sample for binding sites on the AFB 1 antibody.
In the second format of competitive assay, the target analytes bind to the reporters and block these reporters from binding to the immobilized ligand. This format is used, for example, by Esch et al. 15 to detect water-borne cryptosporidium parvum oocysts, and by Niedbala et al. 17 Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 to detect drugs of abuse. Esch et al. 15 immobilize oligonucleotides (compatible with amplicons produced from C. parvum mRNA) and biotin to the surface of dye-entrapping liposomes. The capture (test) ligand and the control ligand consist, respectively, of antisense oligonucleotides and antibiotin antibodies. In the experiments by Niedbala et al. 17 , the test ligands consisted of BSA labeled with the drug hapten and the control line consisted of anti-mouse IgG.
LF immunoassay technology is widely used in hospitals, laboratory medicine, life science research, and the monitoring of water and food quality. Currently, it appears that the developers of LF reactors rely mostly on empirical data to design their devices. Although experiments are indispensable to verify that a device meets expectations, it would be useful to have a predictive tool that allows simulation and optimization of a device, and limit laboratory experiments to the most promising cases. In this paper, we describe such a simple model for a LF competitive assay.
MATHEMATICAL MODEL
We consider a lateral flow (LF) reactor that consists of a flat, porous membrane. [9] [10] [11] [12] [13] [14] [15] [17] [18] [19] [20] [21] [22] [23] [24] The LF cell is schematically diagrammed in Fig. 1 . A sample containing target analytes (A), reporters (P), and buffer solution is introduced in a reservoir that is in contact with a dry porous membrane (typically made of nitrocellulose). The solution flows through the membrane by capillary action. Various (test) ligands (R T ) are immobilized typically in strip transverse to the flow direction. Additionally, the membrane is equipped with a control line to which reporters (but no target analytes) can bind. We denote the immobilized (control) ligand in the control line as R C . For simplicity, we consider a single target analyte. The analysis can be readily extended to account for multiple target analytes. Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 Two different competitive formats are often used. In the first format, both the reporters (P) and the target analyte (A) can bind to the immobilized ligand to form, respectively, the complexes R T P and R T A. [18] [19] [20] Once the ligand has formed the complex R T A, it is no longer available to bind with a reporter. Only the reporters (but not the target analyte) can bind to the control line to form the complex R C P. Thus the target analytes compete with the reporters for binding sites. We refer to this format as RPA to indicate that both reporter particles (P) and target analyte (A) can bind to the test ligand (R).
In the second format, the reporter particles can bind with either the target analyte or the test ligand (R T ) 15, 17 . Once the target analyte (A) binds to the reporter (P) to form the complex PA, the reporter cannot bind to the ligand R T . It can, however, still bind to the control line to form the complex R C PA. The free reporters (P), but not the complex PA, can bind to the immobilized test ligand (R T ) at the capture zone to form the complex R T P. The free reporters (P)
can also bind to the immobilized ligand (R C ) at the control line to form the complex R C P. The target analytes can bind neither to the test ligand nor to the control ligand. We refer to this format as RPNA to indicate that the reporter particles (P) but Not the target analyte (A) can bind to the test ligand (R). 
Similarly, the rate of formation (F RTP ) of the ligand-reporter complex (R T P) at the capture (test) site is:
In the above, [R T0 ] is the initial concentration of the test ligand (prior to the binding events).
[
is the instantaneous concentration of free ligands that is available for binding.
k ai and k di are, respectively, the appropriate association and dissociation rate constants.
After going through the capture (test) zone, the mixture passes through the control line that is located at x C1 <x<x C2 . At the control site, the reporters interact with the immobilized ligand (R C ) to form the complex R C P (P+R C R C P). The rate of formation (F RCP ) of the ligand- 
In the above, we assume that the cross-section averaged fluid velocity is obtained from 
Given the smallness of the diffusion coefficients, the outflow boundary conditions The initial conditions are:
The total reporter concentration is typically detected with a scanner. The scanner measures either the fluorescent or phosphor emission intensity or color intensity. At the capture (test) site, the scanner's signal is proportional to
At the control site,
Away from the interaction zones, the scanner's signal is proportional to S 0 =[P].
We refer to ignal. We define the amplitude ΔS T =S T -S 0 and the contrast
We denote the signal levels (S 0 ) in the absence of target analyte ([A 0 ]=0) with superscript 0. Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 Before concluding this section, we consider the simplified special case of the well-mixed uniformly distributed in space ( capture (test) zone. When the flow rate is relatively high, the various species are nearly
) and the interaction has little effect on the concentrations of the target analyte and the reporters in the solution. Furthermore, we assume that the interactions have reached an equilibrium state. It is instructive to consider this idealized case since it allows us to derive relatively simple algebraic expressions for the equilibrium concen At the well-mixed capture (test) site, the equilibrium concentrations of the ligand-
reporter (R T P) and ligand-analyte (R T A) complexes are, respectively, trations of the test ligand-analyte (R T A), test ligand-reporter (R T P), and control ligand-
reporter (R C P) complexes, and gain a few important insights.
In the
At the control site, the equilibrium concentration of the ligand-reporter (
above, the subscript E indicates equilibrium conditions. Away from the test site,
Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 In the well-m portional to ixed case, at the capture (test) site, the scanner's signal is pro
Away e contrast index from the interaction zones, the scanner signal is S 0 = [P 0 ]. Thus, th
is nearly constant when the target concentration is below the threshold [
In othe
tration exceeds the threshold ([ magnitude is inversely proportional to the target analyte's concentration in the sample. When
words, target analyte concentrations below the threshold [A C ] will not be detectable.
Witness that the magnitude of the threshold depends on the reporter concentration, and can be lowered by de When the target analyte concen
Next, we examine the effect of the reporter concentration on the signal. When the consider here just one extreme case. We assume that the mixture of the target analytes and d the free reporters (P) can bind to the immobilized ligand (R C ) at the control site. As was the case with the previous format (section 2.1), as the target analyte concentration increases, the signal level in the capture zone decreases.
In the RPNA competitive format, a sample containing, respectively, concentrations [A 0 ]
and [P 0 ] of the target analytes and reporters is introduced into a chamber that is in contact with the membrane. Since the reporters and target analytes are premixed, the interaction A+P PA takes place prior to the solution's entry into the membrane. In other words, the sample entering the membrane consists of free target analytes (A), free reporters (P), and analyte-reporter complex (PA). The concentration of each of the above depends on the residence time and the stirring conditions in the chamber. Since these conditions may vary from on 
A+P PA. In the capture (test) zone, reporters bind to the immobilized (test) ligand (
In the above, k a1 and k d1 are association and dissociation rate constants for the reaction
R T ) through the reversible interaction (P+R T R T P).
At the control site, the analyte-reporter complex (PA) binds to the immobilized (control) ligand (R C ) to form a ligand-analyte-reporter complex R C PA C R C PA). Additionally, free reporters can also bind he rate of formation (F PA ) of the analyte-reporter complex (PA) is proportional to the roduct of the free analyte ([A]) and free reporters ([P]) concentrations (PA+R to the control ligand to form the complex R C P through the reversible interaction (P+R C R C P).
Similarly, the rate of formation (F RTP ) of the ligand-reporter complex (R T P) in the capture (test)
t the control site, the rate of formation (F RCPA ) of the ligand-analyte-repo A rter complex (R C PA)
is: 
In the above, k aj and k dj are, respectively, the appropriate association and dissociation rate constants.
The spatial-temporal concentrations of the free target analyte ([A](x, t)), the free reporters 
and At the membrane exit (x=L), as before, we specify the customary outflow conditions: At low target analyte concentrations, equation
, and 
{ }
In othe 
The signal level S C -S 0 at the control site is nearly constant when the tar
In the above, { } 
RESULTS AND DISCUSSION
To illustrate the capabilities of the mathematical modeling, the convection-diffusionreaction equations were solved numerically using the finite element package Femlab 
zone, S=S T =[P]+[R T P]. In the control zone, S=S C =[P]+[R C P].
Time t=0 corresponds to the instant when the solution starts flowing up the membrane. At time t=2 minutes (Fig. 2a) We refer to S 0 as the baseline. Once the equilibrium state has been reached, the signal contains 
at the capture (test) site and
at the control site. Fig. 3 at the interaction zones. Once the sample has arrived at the interaction zones, the signal increases as time increases until it reaches a plateau that corresponds to the equilibrium state. Since the control zone is located downstream of the test zone, there is a time lag between the control and test signals. Fig. 3 illustrates that the lateral flow assay must be allowed sufficient time to "develop" before being read. The figure also shows the penalty associated with premature reading of the signal. The time required to reach the equilibrium state depends on the rate constan yte ts and the flow rate. As the target anal concentration increases, the magnitude of the Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 test signal decreases. The magnitude of the equilibrium signal at the control site is independent of target analyte concentration. 
depends both on the reaction rate constants and the initial reporter concentration ([P 0 ]). When the target analyte concentration increases above the threshold, the signal is inversely proportional to the target analyte's concentration. The dashed red line depicts the asymptotic behavior at large target a and the nalyte concentrations (equation 18). In contrast, when a sandwich assay is used target analyte concentration is relatively small, the signal increases nearly linearly with the analyte concentration. 16 The contrast index DS T (not shown here) behaves similarly to the amplitude ΔS T . At equilibrium, ΔS C is independent of the target analyte concentration. This saturation is simply due to the fact that at high analyte concentrations, the test signal
, and
, which is independent of [A 0 ] as depicted in Fig.3 . In the range 
saturates and achieves a plateau. At relatively small reporter concentration, increasing the inventory of reporters increases the concentration of ligand-reporter complexes and contributes to the signal's magnitude. Once the critical reporter concentration has been exceeded, further increases in the concentration of the reporters do not add to the signal intensity and will have an adverse effect on the signal contrast. The results of figures 4 and 6 can be summarized in a three-dimensional plot. Fig. 7 depicts the equilibrium 
RPNA Format: target analytes bind to reporters but not to the test ligand
In this section, we discuss briefly the second competitive format in which the target analytes bind to the reporters rather than to the immobilized test ligand. There are many similarities between these two formats, but there are also some differences. In this section, we mention briefly the similarities and then f us mostly on the differences between the two oc formats.
The transients associated with the RPNA format are similar to the ones depicted in . We define the concentrati Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 In the capture zone, the signal's amplitude 
Once this threshold value has been exceeded, the signal levels off. At a fixed reporter concentration, the curve corresp
onding to the control signal as a function of the target analyte concentration has a "S" sha ensi pe. The upper curve in Fig. 9b is a cross-section of the three-dim onal surface at a fixed reporter concentration. Fig. 12 illustrates that increases in the reporter concentration do not come without a penalty. As the reporter concentration increases, the control signal contrast decreases.
Figs. 13 and 14 depict, respectively, the control signal amplitude ( C S Δ ) and the control signal contrast as functions of [A 0 ] and [P 0 ] when k a3 k d4 <k d3 k a4 and under equilibrium conditions. As in Fig. 11 , as long as the reporter concentration is below a certain threshold ([P CC ]), the control tes that as the reporter concentration increases, the contrast index decreas signal increases as the reporter concentration increases. The lower curve of Fig. 9b represents a cross-section of the surface in Fig. 13 at a fixed reporter concentration. Like Fig.   12 , Fig. 14 demonstra es. Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 When k 3 k a4 the target analyte concentration affects both the test and control signals in the RPNA format. Thus, one can determine the presence of the target in the sample based on both signals. Unfortunately, quantitative comparison between theory and experiment lar, the lack of information a particle-bound ligands and between particles in solution and ligands immobilized to the lateral w strip. In the future, we hope to conduct experiments to measure the reaction rate constants eded to carry out a critical comparison between the experiments and theory. We hope that the proposed models will be useful for the design of LF reactors operating with performance under various operating conditions. Although the simulations cannot substitute signal is nearly independent of the analyte concentration. In order to be able to detect the presence of target analytes, the analyte conce value. The threshold's magnitude depends on the reaction rate constants and the concentration of the reporters. Hence, it is possible to adjust the LF detector's sensitivity by adju
(ii) Above the target analyte threshold value, the test signal's intensity is inversely proportional to the target analyte concentration.
(iii) At low reporter concentrations, the sig increases. Once a certain threshold reporter concentration has been exceeded, the signal saturates.
(iv) At low reporter concentrations, the contrast index is independent of the reporter concentration. Once a threshold has been exceeded, the contrast index decreases as the reporter (v) In RPA format and equilibrium conditions, the control signal's level is independent of the target analyte concentration. In contrast, in the RPNA format, depending on the relative magnitudes of the various reaction rate constants, the control signal may either decrease, remain unchanged, or increase as the target ana competitive assays. The models can also be used to test inexpensively and rapidly device Qian S., and Bau, H., H., 2004, Analysis of Lateral Flow Bio-detectors: Competitive Format, Analytical Biochemistry 326, 211-224 [6] n, R. Saville, N.T. Constantine, Assessment of the [7] 0 (2002) 215-223 l and Diagnostic Laboratory Immunology, 9 [9] e influenza test for rapid [10] losSantos, C. Dou, One step lateral flow immunoassay for detection of [11] athology, 84 [12] Biochemistry, 312 ( 
